APPLICATIONS OF THE QUADRATIC COVARIATION 
DIFFERENTIATION THEORY: VARIANTS OF THE 
CLARK-OCONE AND STROOCK'S FORMULAS 



HASSAN ALLOUBA AND RAMIRO FONTES 

Abstract. In a 2006 article (\T\). Allouba gave his quadratic covariation dif- 
ferentiation theory for Ito's integral calculus. In it, he defined the derivative of 
a semimartingale with respect to a Brownian motion as the time derivative of 
their quadratic covariation and a generalization thereof. He then obtained a 
systematic pathwise stochastic differentiation theory that comes complete with 
a fundamental theorem of stochastic calculus relating this derivative to Ito's 
integral, a differential stochastic chain rule, a differential stochastic mean value 
theorem, and other differentiation rules. In this current article, we use this 
differentiation theory in [l] to obtain variants of the celebrated Clark-Ocone 
and Stroock representation formulas, with and without change of measure. We 
prove our variants of the Clark-Ocone formula under L 2 -type conditions on the 
random variable but with no LP conditions on the derivative. We do not use 
Malliavin calculus, weak distributional or Radon-Nikodym type derivatives, 
or the significant extra machinery of the Hida-Malliavin calculus. Moreover, 
unlike with Malliavin or Hida-Malliavin calculi, the form of our variant of 
the Clark-Ocone formula under change of measure is as simple as it is un- 
der no change of measure, and without requiring any further differentiability 
conditions on the Girsanov transform integrand beyond the standard Novikov 
condition. This is a consequence of the invariance under change of measure 
of the first author's derivative in [I]. The formulations and proofs are simple 
and natural applications of the differentiation theory in pQ and standard Ito 
integral calculus. Iterating our variants of the Clark-Ocone formula, we obtain 
variants of Stroock's formula. We illustrate the applicability of these formulas 
and the theory in [l] by easily, and without Hida-Malliavin methods, obtain- 
ing the representation of the Brownian indicator F = I[jj,oo) which is 
not standard Malliavin differentiable, and by applying them to digital options 
in finance. We then identify the chaos expansion of the Brownian indicator. 
The first author further extends and applies his differentiation theory in forth- 
coming articles and obtains a general stochastic calculus for a large class of 
processes with different orders and types of variations, including many that 
fall outside the classical Gaussian, Markovian, or semimartingale classes. 
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1. Introduction and statement of results 

In [I] Allouba gave his quadratic covariation pathwise stochastic differentiation 
theory of semimartingales with respect to Brownian motion (BM). His idea starts 
by defining the strong stochastic derivative ID>w t St = dS t /dW t of the "temporally- 
rough" continuous semimartingale S with respect to the "comparably temporally- 
rough" Brownian motion W at time t in terms of the derivative d (S, W) t /d (W) t of 
the "temporally-smooth" quadratic covariation of S and W, (S, W), with respect 
to the "comparably temporally-smooth" quadratic variation of W, (W), at t: 

d(S,W) t (u) _ d(S,W) t {u) 



< L1 > »*M»)- d{w)M dt • 

almost surely (see Definition 1.1 equation (2) in [T] and the quadratic covariation 
Definition IA.3I below) . He then develops in [I] his definition into a systematic 
pathwise differentiation theory with respect to Brownian motion that is a natural 
counterpart to Ito's Integral calculus; with a fundamental theorem of stochastic 
calculus relating this derivative to Ito's integral, a differential stochastic chain rule, 
a differential stochastic mean value theorem, and other differentiation rules. In 
[2 [3] it is shown that S may be replaced with f(S) for a reasonably large class of 
functions /. We note briefly here that Allouba's definition of the stochastic qua- 
dratic covariation derivative (QCD) in [T] is actually more general than (jl.ll) . 
enabling the differentiation in a more generalized sense, even when the derivative 
in (jl.ip doesn't exist. Namely, 

Definition 1.1 (Allouba 2006 [lj: Definition 1.1). The stochastic difference and 
stochastic derivative of a continuous semimartingale S with respect to a Brownian 
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motion W are defined by 

> 



(1.2) V Wl 



and 



^3 / r W )t+r ~ (S, W) t _ r ] dr; 0<t<^,h 

uhSt = { ^ J ° h 

- J r(S,W) r dr; 



t = 0, h > 



(1.3) ^w t St = lim T> Wt h S u 

h— f0 

whenever this limit exists. If the derivative 4? (S, W) t exists, then 

(1.4) n w ,s, - 

and H>w is called the strong derivative of S with respect to W. The k-th W- 
derivative of S is defined iteratively in the obvious way. 

In [5] and followup articles, the first author also generalizes his approach beyond 
the classical setting of Markov, semimartingale, or Gaussian processes to a much 
larger class of processes. 

For the rest of this paper, Let W be a one-dimensional Brownian motion on the 
usual probability space (f2, {^ t },P) (the filtration satisfies the usual conditions 
of right continuity and completeness), where {J^t} is the augmentation under P of 
the natural filtration of W, {■^ r t V } teR ■ Let T > be arbitrary and fixed. Wc 
denote by W^ [0T] the restriction of W to the time interval [0,T]. Unless stated 
otherwise, our focus throughout this article will be on the strong derivative (jl.4l) . 
Other distributional and Radon- Nikodym type versions of Hyy — as well as obvious 
extensions to derivatives with respect to general semimartingales — and some of their 
implications are among many Bv^-features discussed in [3] . For more details on the 
quadratic covariation differentiation theory and its results, the reader is referred to 
Allouba's original article [T]. 

We first remark briefly on an aspect of that theory that is advantageous in our 
results here. Since processes of bounded variations on compacts have quadratic 
variation zero, their QCD is identically (see Remark 1.1 in [T], which says that 
these bounded variation processes are the "constants" in this quadratic covariation 
differential calculus). An important consequential feature of the quadratic covaria- 
tion derivative lD>iy in [I] is that it is invariant under Girsanov's change of measure. 
I.e., let W be the translated Brownian motion Wt — Wt + f A (u) du for < t < T 
and let P be the Girsanov changed probability measure, and assume the standard 
Novikov condition on A (see Appendix [A] and Theorem IA.1I for the notation and 
setting and for a precise statement). If S is a continuous semimartingale and if 
either one of the two QCD derivatives H>wS or D^S 1 is finite for < t < T, then 
so is the other and they are indistinguishable (P and P). To see this, observe that 



_ d(s.,W.) P t d{S .,W.+J Q X(u)du^ 
(1.5) Wt 1 ~ dt " dt 

d(S.,W. + f X(u)du) P t d (S.,W.f t 
dt " It " ° mSu 
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for t € [0,T], a.s. P and P, where we used Lemma [A. 21 along with the fact that 
adding continuous processes of bounded variation on compacts does not alter the 
quadratic covariation process. This invariance under change of measure feature 
results in a simpler representation in the ©^-variant of the Clark-Ocone formula 
under change of measure (|1.9p than the classical one obtained using the Malliavin 
(or Hida-Malliavin) derivative (|B.7j) (see the original fundamental articles by Clark 
[8], Ocone [21] and Ocone et al. [22j [18]). In fact, unlike the Malliavin or Hida 
Malliavin derivatives versions of the Clark-Oconc formula, the form of our variant 
in Theorem 11.11 under change of measure (|1.9[) is as simple as it is without change of 
measure (|1.7I) . This is true without requiring any further differentiability conditions 
on the Girsanov transform integrand beyond the standard Novikov condition for 
Girsanov theorem. For a nice readable account and history of the Clark-Ocone 
formula in both the classical Malliavin and the Hida-Malliavin settings, we refer 
the reader to the excellent recent book by Di Nunno, 0ksendal, and Proske [T3] 
and the references therein. For another non-Malliavin and different Radon-Nikodym 
type approach we also refer the reader to Di Nunno's recent work |llj . 

The QCD IOVS" = {Bw t S t ;t £ [0,oo)}, when it exists, is a stochastic process 
that is intimately connected to Ito's original construction of his stochastic integral 
via Ito's isometry using quadratic covariations; and it therefore leads to an ap- 
proach to pathwise stochastic differentiation that is a natural counterpart to Ito's 
integration theory (see [U [3] for more on this). To wit, the derivative V>wS is an 
anti-Ito's integral that yields a fundamental theorem of stochastic calculus (The- 
orem 2.1 and Theorem 2.2 in pQ), a differential stochastic mean value theorem 
(Lemma 2.1 in pQ), differential stochastic chain rules and more (Theorem 3.1 in 
PQ and also other versions in [3]). In addition, IBwS interacts with basic algebraic 
operations on semimartingales similarly to the action of the Newton elementary de- 
terministic derivative on functions (Corollary 3.2 and Theorem 3.2 in [I]), making 
it a convenient tool for computations and proofs ([UEI and Theorem 11.11 below). 
Several other extensions and applications, including a simple derivation of Ito's 
formula using this differentiation theory, are given in [TJ [3J. On the other hand, 
since H>wS in (jl.ll) (or (|1.3|l ) is a stochastic process defined in terms of quadratic 
covariations; it is a pathwise derivative that measures the rate of temporal change 
of a semimartingalc S (and reasonable functions thereof) with respect to temporal 
changes in a BM W using the "proper" measure of time regularity of their Holder- 
(1/2) paths. This basic principle makes the differentiation theory in [1] amenable 
to generalizations that handle very general stochastic processes beyond the classical 
framework of Gaussian, Markovian, semimartingales processes. This very general 
calculus theory is well beyond the scope of this article; and it is the subject of 
Allouba's program in [2] and followup papers with Brownian-time processes ([HE]) 
and many other non classical processes. 

In this article wc show that, even within the Ito setting, there are advantages 
to the stochastic differentiation theory in [Tj. Specifically, we apply it to derive 
and prove variants of the celebrated Clark-Ocone and Stroock formulas that are 
simple in form and proof (even under change of measure), and they are widely 
applicable. The proofs of our variants of the Clark-Ocone formula (Theorem 11.11 
below) are simple consequences of the quadratic covariation differentiation theory 
in [T] — Theorems 2.1 and 2.2 in pQ (the QCD fundamental theorem of stochastic 
calculus), Theorem 3.1 and Corollary 3.1 in [T] (the QCD chain rules), and other 
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QCD differentiation rules like Theorem 3.2 in [T] — along with Ito's integral calculus. 
Since this stochastic differentiation theory in pQ is built using ingredients of Ito's 
standard setup; the statement, proof, and applicability of Theorem 1 1.1 1 is naturally 
linked to Ito's calculus setting, under L 2 -type conditions, without the need for 
extra machinery and settings from distributional differentiation theory, Hida's white 
noise analysis, Malliavin or Hida-Malliavin calculi, and even without weakening the 
derivative to a Radon- Nikodym density. The QCD Stroock variant (Theorem 11.21 
below) is proved by an iterative application of our QCD Clark-Ocone formula. 

1.1. The QCD variants of the Clark-Ocone formula with and without 
change of measure. We denote by F £ L 2 (f2, ^r,P) an L 2 (f2,P) and &t- 
measurable random variable. The notion of almost indistinguishability in the sense 
of Theorem 2.2 p] is useful for a more complete statement of our variants of the 
Clark-Ocone results. In the interest of moving quickly to the results, we refer the 
reader to Appendices lAl and lO for notations and for such definitions. 

The essence of our result is that, whether we change measure or not, the inte- 
grand X in the representation of an L 2 -random variable F is the stochastic process 
that is the derivative Ovt/E \F\tP\ (or O^E [F| jF]) of the naturally-associated mar- 
tingale E[F|J*"0 (or E[F|^]) with respect to the BM W (or W), with respect 
to which we are integrating. No L p conditions of any kind are assumed on the 
derivative B>w- 

Theorem 1.1 (The QCD variants of the Clark-Ocone formula with and without 
change of measure). 

(a) Assume that the random variable F 6 I? (f2, ^r,P). Then there exists an 
almost indistinguishable extension of B^E [F\JF], O^JfE [_F|J£"] ; such that 

D^ e E[F|^] G 5f r (W| [Q)T] ) and 

(1.6) F = E[F}+ [ W%E[F\& t ]dWt, a.s. P. 

Jo 

If the process B W E[F\J?} = {B Wt E [F\& t ] ; t G [0,T]} is @([0,T]) x & 
measurable; then Byi/E \F\,^\ € f^lpx])' an ^ ^ * s ^ e un iQ ue — * ra ^ e 
sense of almost indistinguishability (|A.5[) — process such that 

(1.7) F = E[F}+[ H Wt E[F\& t ]dWt, a.s. P. 

Jo 

In particular, if f : R — > R is either a bounded B or el- measurable function or 
a locally bounded B or el-measurable function with lim x~~ 2 log + |/(x)| = 

X— >±oo 

0, and if F = /(Wt); then the process DvyE \F\3?\ is almost surely contin- 
uous and F admits the representation (|1.7p . 



For any probability measure P defined on &x C 9 and for any Y 6 L 1 (f2,P), we will always 
assume that Yt := E \Y\,^t\ is chosen from the equivalence class of E \Y\,^t\ in such a way that the 
resulting martingale E [Y\,^t] = {E [Y\,^t] ; < t < T} has paths that are right continuous with 
left limits (RCLL or cadlag) almost surely. This is of course possible by the right continuity and 
completeness of our filtration {^t}- Of course, this also means that if E [Y|^t] is a modification of 
a continuous process X, then they are indistinguishable and E [Y\^ t ] is continuous almost surely. 



6 



HASSAN ALLOUBA AND RAMIRO FONTES 



(b) Suppose F is J?r measurable. Assume Novikov's condition ( (|A.6|) (it) in 
Theorem \A.l\ holds and assume that 

(1.8) (i) E [Z^F 2 ] = E [Z T F 2 ] < oo and (ii) EF 2 < oo, 

where Zt is the Radon- Nikodym derivative in Girsanov 's change of mea- 
sure Theorem \A.1[ Suppose further that the processes B^Efi* 1 ^] and 
V> W W,[Z T F\&] are 38([Q,T\) x & T measurable, then 

(1.9) F = E[F} + [ B w E[F\^ s ]dW s , a.s. P (and a.s. P) 

Jo 

If the measurability condition on B^E \ZtF\&\, and B^E \F\^\ is dropped, 

then (|1.9j) /io/cfc iwi/i B^E \F\,^\ replaced by an almost indistinguishable 

extension B~ e E [FL^I. 
w 

Several observations are in order here and are summarized in the remarks below. 

Remark 1.1. • We emphasize here that the strong derivative D\y from [1] 

that we use here in Theorem II. II is a derivative of a function (for a.s. u>), 
defined in terms of the derivative of the quadratic covariation process with 
respect to time t, not a weak distributional type derivative or a Radon- 
Nikodym type derivative or its density (such weaker versions of B^ and 
some of their implications are given in [3]). This is an important feature of 
Theorem 1 1 . 1 1 since our variant of the Clark-Ocone formula is stated under 
conditions that are comparable to those that are given for the weak Hida- 
Malliavin derivative (see Theorem 6.35 and Theorem 6.41 in [12 j which 
require the use of white noise analysis combined with Malliavin calculus as 
explained in Chapters 5 and 6 in [12 ]). These conditions allow us to handle 
many applications where the classical Malliavin differentiability condition 
F G ^1,2 (see [El [201 [21] and Appendix [B] below for Malliavin calculus 
background) is too strong of a condition, as we shall shortly see using 
an example from mathematical finance. In this famous example, F — 
\k,oo) (Wr) is the payoff of a digital option, where K > is a constant and 
\k,oo)(') is the indicator function on the interval [if, oo). It is well known 
that W oo) (Wt) £ 3>i,% (see [H]), but we show that it leads to a process 
E[I[k,oo) (Wt) \&\ that is infinitely differentiable with respect to B^ (see 
Subsection l3.1l below). Also, we note that to obviate the need for the almost 
indistinguishable extension of we only assume the measurability of Bvi/ 
(no L 2 conditions of any kind are assumed on V>w since they follow for free 
as is clear from the proof below) . That measurability easily holds for a large 
class of random variables — including the Brownian indicator Ir^co) (Wt) — 
that are not standard Malliavin differentiable (not in ^1,2). 
• The Clark-Ocone formula [El [21] was extended by Karatzas and Ocone in 
[2"2] to the Clark-Ocone formula under change of measure, a result that 
has proved very beneficial in mathematical finance. Looking at the rep- 
resentation in the Clark-Ocone theorem under change of measure in the 
Malliavin setting (e.g. Theorem lB.2j) . (|B.7j) . we see that it is not as simple 
as its original version in Theorem IB.ll (this is true even when using the 
weak Hida-Malliavin derivative as in Theorem 6.35 and Theorem 6.41 in 
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[12]). The QCD (Bw) variant, however, retains the simplicity of its rep- 
resentation, which has the same form in Theorem 11.11 (b) as it does in its 
unchanged measure version fTheorem ll.il (&)). It does so, without any dif- 
ferentiability requirements on the Girsanov transform integrand A beyond 
the conditions already demanded by Girsanov's Theorem IA.1I (this is not 
true even in the Hida-Malliavin setting see [12] p. 107). This simplicity is 
very useful in deriving the QCD Stroock's formula variant under change of 
measure, and many other examples, including when A = / (W) for / that 
is only bounded and measurable. 

• Theorem 11.11 (a) tells us that the integrand X in Ito's representation the- 
orem is an almost indistinguishable version or extension of ]D>wE [-F|J^], 
which is the quadratic covariation derivative of the natural martingale as- 
sociated with F: E [F\&] = {E [F\& t ] , J**; < t < T} . Viewed this way, 
the integrand X in Ito's famous representation theorem is the stochastic 
process that is the rate of change of the martingale E [F\JP] with respect 
to the BM with respect to which we are integrating. 

• Note that the condition (|1.8|) together with Holder inequality immediately 
imply 



Another obvious but important remark here is that we cannot simply apply 
Theorem ll.il (a) directly to the new Brownian motion W to get a represen- 
tation with respect to W, since F is only assumed to be J^r measurable, 
and &r C where &t is the a algebra generated by \w t ] < t < T \ . 



1.2. The QCD Variant of Stroock's Formula with and without change 
of measure. In his fundamental article [26], Stroock identifies the integrands of 
the chaos expansion of an L 2 random variable. Using an iterated application of 
Theorem 11.1] we get a B;y-variant of Stroock's formula. We use the notations 
Jn(gn) and I n (gn) for the n-fold iterated ltd- Wiener integral over the simplex 



for g n € I? (S n ) and /„ e L 2 ([0, T] n ), where L 2 ([0, T] n ) is the space of L 2 ([0, T] n ) 



symmetric functions. 

Theorem 1.2 (The QCD Variant of Stroock's Formula with and without change 
of measure). 

(a) Suppose that F € L 2 (f2, J^r, P), with chaos expansion 



(1.10) 



EF 2 = EZ T F 2 < oo. 



§„ = {(h,t 2 ,...,t n );0 <h<t 2 < ... <t n <T}c [0,T] 
and over [0,T]™, respectively (see [12] and Appendix [B| . I.e., 



n 



(1.11) 




OO oo 



F = J2 ^ ( 9 n) = J2 7 « (/«) > 



n=0 n=0 



s 
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where J n and I n are given by (| 1 . 1 1[) . Assume that the random field ip n 
f2 x S n — > K given by 



fn(tl,t 2 , ■ ■ ■ ,t n ) = ^>W tl 



E 



»w t . 



E 



"w tn 



E 



F 



1 2 



is almost surely continuous in t\, t 2 , t„ for every n = 1, 2, . . .. Let 
II = {tt = (tt\, . . . , 7r„); ir is a permutation of (1, ... , n), n > 1} . 

T/ien, J (go) = 5o = /o = M/o) = E ^<' arirf / or ewe H/ 71 > !> e-ye 1/ < 
ti < t 2 < ... < i n < T, and every one of the n\ permutations (t^, . . . ,t Vn ) 
the chaos expansion coefficients are given by 



(1.12) 



fn (^7ri ) tffn ) — i 9n ifl ) ... 5 ) 



n! 
n! 



"w tl 



E 



»w t . 



E 



F 



almost surely P. 

(b) Assume F has the chaos expansion F = X^^Lo ^ n > w here J n denotes 
the n-fold iterated ltd- Wiener integral with respect to W over the set S n . 
Assume the conditions of Theorem \1.1\ (b) hold. Suppose further that the 
random fields ip n ,ip n : 51 x S n — > K given by 



(1.13) 



(1.14) 



fn(tl> t 2 , • • • , t n ) 
lp n (t 1 ,t 2 , ■ ■ ■ ,t n ) 



W t 



E 



E 



E 



W tn 



tn 



^t 2 



F 



are almost surely continuous in t\,t 2 , ...,t n and that 
EZ%ipn(ti,t 2 , . . .,t n ) < oo 

for every n = 1,2, .. ..Then, go = EF; and for every n > 1 and every 
< ti < t 2 < ... < t n < T , the chaos expansion coefficients are 



(1.15) ff „(ti,...,t n ) 



VI', 



E 



E 



a.s. P and P. 



Remark 1.2. Part (b) in Theorem 11.21 makes it clear that another difference be- 
tween here and the Malliavin setting is that here we have a simple Stroock's formula 
under change of measure by iterating Theorem 11.11 (b) ; whereas — because of the 
complexity of the representation (|B.7[) in the conclusion of the standard Clark- 



Ocone under change of measure f Theorem IB. 2[) — this approach would quickly be- 
come significantly more complicated using either the Malliavin or Hida-Malliavin 
calculi. 



2. Proofs of the QCD variants of Clark-Ocone and Stroock 

FORMULAS 

2.1. Proofs of the QCD variants of the Clark-Ocone formulas. We now 

give the proofs of our Clark-Ocone variants in Theorem 11.11 We start with the 
QCD variant under no change of measure. 

Proof of Theorem \l.l\ (a). Since EF 2 < oo and {J^t} is the augmented Brownian 
filtration (of W), then E [F\&] = {E [F\& t ] , &t\ < t < T} is a square-integrable 
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RCLL W-Brownian martingale with E [F|J£"o] = E [F]. Therefore, by the Brownian 
martingale representation theorem (e.g., [19] p. 182) 

(2.1) E [F\& t ] = E[F]+ [ X s dW s ; 0<t<T, a.s. P, 

Jo 

for some unique (in the sense of (EB) X G (V| [0 T] ). Applying O w to both 
sides of (|2.1I) and using Theorem 2.2 in [1] (the second QCD fundamental theorem 
of stochastic calculus) yield a subset fl* c fi, with P(fT) = 1; and a collection of 
zero Lebesgue-measure random sets {Z(u));u> G Q*} such that 

(2.2) B Wt E [F\& t ] (u) = X t (w) ; t G [0,T] \ Z(cj),uj G O*. 

I.e., D^ e E [F|^] := AT is an almost indistinguishable extension of EVE [F| J?], and 
the representation in (|1.6|) is proved. 

Now, assume that EDw/E[F|^] : CI X [0,T] -> M is measurable. To show the 
adaptability of ID>n/E [F|J^"] ((2) of Definition lA.il) . it is enough to show the adapt- 
ability of the right time derivative (E [F\&\ , W) r But, (E \F\^\ , W) t G 

O J^" s = J? t + = =^t, where the last equality follows by the right continuity of the 

s>t 

filtration {J^t}. This means the process DiyE[F|J^"] satisfies the first two condi- 
tions in Dcfinition lA.il This and (|2.2p easily imply that (|A.5|) holds, with the X in 
(|2"Tj) and F = B W E [F\&], and so A and J3 W E \F\&\ are almost indistinguishable 



versions of each other and 
E / ij'u , 



E[F\^ t }\ 2 dt < oo (hence ® W E[F\&] G ^ 2 (W| [orl )) - and 

(2.3) " u 

E[F|^i] =E[F] + / I%/ s E[F|jy dW^; < £ < T a.s. P. 
Jo 

We are done by setting t = T in (|2~3)) since E [F| J^r] = F. 

Finally, if / : K — > K is either a bounded Borel-measurable function or a lo- 
cally bounded Borel-measurable function with lim x~ 2 \og + \f(x)\ 2 = then 

x— ►ioo 

F = f{W T ) G L 2 (ft, J? T ,P) and v(T - t t W t ) = E[f(W T )\^t} is C 1 - 2 (e.g., [H5] 
pp. 128-130); and so Ito's rule followed by Theorem 2.1 in [1] (the QCD fundamen- 
tal theorem of stochastic calculus) implies that Ow t E[/ (Wt) \^t\ = d2v(T — t, W t ) 
(the first partial derivative in the second variable evaluated at Wt) is continuous in 
t almost surely, and F = /(Wt) admits the representation (11.71) . □ 

Next, we prove the QCD variant of Clark-Ocone under change of measure. 

Proof of Theorem ll.il (6) . Let 

(2.4) Y t :=E[F\& t ] 
and notice that (jl.101) and Jensen's inequality yield 

(2.5) Elf =E(E[F|^ t ]) 2 < E (E [F 2 \,^ t ]) =EF 2 < oo. 



Let 

(2.6) A 4 = Zf 1 = exp 



* ~ i r* 

XsdW s - - / X 2 ds 
* Jo 
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where Z 1 A, and W are as in the change of measure Theorem lA.il Now applying 
LemmaEZQand Theorem O (a) to E [Z T F\& t ], 

using (|1.8|) . we obtain 

Y t = A t E [Z T F\& t ] = A t [e [Z t F] + f B W E [Z T F\& S ] dW s 

(2.7) I Jo 

= ■ A t U t ; < t < T a.s. P and P. 

Ito's formula easily gives dA t = A t \tdWt, and integration by parts for Ito's calculus 
then gives 

dY t = A t dU t + U t dA t + d (A, U) t 

(2.8) = A t B Wt M [Z T F\& t ] dW t + U t A t X (t) dW t + A t \ t B Wt E [Z T F\& t ] dt 

= [A t B w , t E [Z T F\3? t ] + \tY t ] dW t . 

On the other hand, by Theorem 2.2 in pQ (the QCD fundamental theorem of sto- 
chastic calculus), Theorem 3.2 in [T] (the QCD product rule), and the QCD invari- 
ance under change of measure (JT3J), we obtain that 3 a set fi* C 9 P(f2*) = 1, 
and for each w e O* there is a Lebesgue-measure-zero random set Z{uS) C [0, T] 
such that 

Wt (A t E [Z T F\& t ]) = A t A t E [Z T F\& t ] + A t B Wt E [Z T F\^ t ] 
(2 ' <M = X t Y t +A t B Wt E [Z T F\^ t ] ; t G [0,T]\ Z(u), lo G IT, 

where we used a trivially obvious adaptation of the proof of Theorem 3.2 in [1] 
to account for the possibly-discontinuous integrand case. But equations (12.41) and 
(|2.7[) in conjunction with the D^-invariance under change of measure (| 1 . 5|) imply 
the indistinguishability 

(2.10) O^E [F\,^\ = D^AE [Z T F\,^\ = B W AE \Z T F\&\ ; a.s. P and P. 

The measurability of D^AE [Z T F\&] follows from (12.10)) together with the mea- 
surability assumption on D^E \F\&\. Using ([2~8"]1. (|23)l . and (j2~TU)) we then have 

(2.11) dY t = Dwi (A t E [Z r F|^ t ]) tiWi = % f E [F| J? { ] eZWi; a.s. P and P. 

By (|2.4p we see that Yr = F and lo = E [F], and the desired conclusion follows. 

Finally, if the measurability assumption on D^E [F\JP] and OjyE \ZtF\cF\ is 
dropped; then by Theorem 11.11 (a) and (jl.8l) — together with the argument after 
(|2.7p — equations (|2.7[) through (12.91) hold with an almost indistinguishable extension 

B<^ e E[Z T F\,^} G ( W \ [0>T] ) in P lace of Dvi/E[Z T F|^]. In particular, 
(2.12) 

D Wt (A t E[Z T F\& t }) = A t y t + A t D f ^E [Z T F|JP t ] ; t G [0,T] \ Z(w), w G n*, 
Now, the process on the right hand side of (|2.12l) 

(2.13) {A t (u)Y t (uj) + A t (u;)D^E [Z T Fffi] (a); (t, u) G [0,T] x fi} 

defines an almost indistinguishable extension of B>w (AE [ZtF| J?t]), which we call 
B$ r e Z- 1 E[Z T F\£ r ]. On the other hand, the indistinguishability of E [F\&] and 
AE[ZtF|^"] in equation (|2.7I) together with (|2.12|) and the D^-invariance under 
change of measure (|1.5[) imply that 

(2.14) D^E[F|^ t ] = A t K t + A t W^E[Z T F\& t ] ; i € [0,T] \ Z(w), w G fi, 
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for some C ^ with p(sf) =p(q) = 1. This means that the process in (12 . 1 3[) 

is also an almost indistinguishable extension of D^E [-F|J^], call it B~ e E [i* 1 ^]; in 
particular, we have the indistinguishability 

D^ e Z _1 E [ZtF\&] = XY + AD^ e E [Z T F\&] = B^E [F\&\ ; a.s. P and P, 

and we have 

(2.15) dY t = D^?Z t _1 E [ZtF\&] dW t = D^E [F\&] d%; a.s. P and P. 
The proof is complete. □ 



2.2. Proofs of the QCD variants of Stroock's formulas. We now turn to the 
proof of the QCD variant of Stroock's formula. Since the proof reduces to a simple 
iteration of Theorem 11.11 along with an adaptation of the standard chaos expansion 
proof (e.g., see fH]), we simply indicate the changes. We now give the proof of the 
version under no change of measure. 



Proof of Theorem \1.2\ (a) . By Theorem [TTT] (a) , 

(2.16) F = E[F]+ [ D Ws E[F\^ Sl ]dW Sl . 

Jo 

Applying TheoremO (a) to D^E [F\^ S1 ], < si < T, we have that 
D Ws E[F\^ Sl ] 



(2.17) 



"Ws. 



nr. 



dW s . 



Now, if we define g Q = E [F], tp^st) = B Ws E [F\& ai ], gi (si) = E^i(si), and 



<^2(s 2 , si) = Dw„ 



nv, 



V[F\& S1 ] 



, for < S2 < s\ < T, and then substi- 



tute (j2~T7l) into (j2~16| we get 

F = E[F}+ f E [B Ws E[F\^ 3l ]\ dW Sl 
Jo 



(2.18) 



o Jo 



E 



= 9o+ 9i(si)dW sl + / <^ 2 (s2,si)dW S2 dW sl 
Jo Jo Jo 

Iterating this procedure we obtain, after n steps, 

n „ 

(2.19) F = J2M9k)+ Vn+1 dW^ n+1 \ 

k=o Js n+1 
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where S n+1 = {(<i,t 2 , W) ;0 < h<t 2 < ... < i„+i < T}, n = 0, 1,2,... and 
(2.20) 



</V|-l(*l)*2i •■• j £«+l) — Dw tl 



E 



E 



'tn+l 



"t2 



tl 



T ,t B+1 
./0 



Vn+l(*l>*2) • • -,tn+l)dW tl ■ ■■dW tn+1 , 



Jk(9k) = / g k dW®W; J (g Q ) = g = EF, g k = Eip k : S k ^ R, k = 1, 2, . . . ,n. 

Now, letting * n+1 = / g j ( / 9 n+ idV^ <g,( ™ +1) for n = 0, 1, 2, . . .; it is clear that 

(2.21) ||*„+i||* w) =E[*2 +1 ] < EF 2 - ||F||^ (fJiP) < oo; Vn = 0,1,2,... 
and Ito's isometry implies that 



(2.22) \\F \\ 2 L2 ^ r) = £ H-MsOIIlW) + ||*n+i|| 



2 

L 2 (n,iF 



k=0 



and therefore X^fclo Jk{gk) converges in L 2 (£1,P); i.e., lim„_ i . 00 \t„+i = ^ < oo in 
L 2 (fl,V). Now, using the identical argument as in the standard chaos expansion 
proof (e.g., p. 14 in [12]) it follows that ^ — 0. Hence, we conclude that 

(2.23) 



OO OO r. 

>— n fc=i J s * 



k=0 
oo „T 



E 

fc=i 



JO 



E 



E [D Wti 
E \\Jk(gk)\\L*(a,r) 



E 



F 



■J, 



dW u ■ ■ ■ dW t , 



k=0 



The only thing left is to rewrite the n-fold Ito integral J k (g k ) = f s g k dW®^ 

over the subset S k C [0, T] k as an n-fold Ito integral I k f/fcj = Jj T y, fkdW®^ of 

appropriately related functions f k over [0,T] fc . We start by extending g k s domain 
from S k to [0, T] k by setting 

g k (t 1: ...,t k ) = 0, (h,...,t n ) G [0,T] n \S„ 

We then define to be the symmetrization of g k : 

fk(h,...,t k ) :=y^g k (t ni ,...,t nk ); {h,...,t k ) € [0,T}\ 

where the sum is taken over all fc! permutations tt of (1, . . . ,k). Then 

h (fk) = k\J k \J k ) = J k (g k ) , 
completing the proof. □ 



Proof of Theorem l 1 . 2\ (6). The proof in this case follow the same iterative scheme 
of part (a) with obvious notational changes and using the assumed conditions along 
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with Theorem ll.il (b) in place of Theorem ll.il (a). We omit the details. □ 



3. Three applications for an F not in Malliavin's #l j2 space 

3.1. Brownian Indicator representation. An easy application of Theorem ll.il 
above together with Theorem 3.1 in |T] (the QCD chain rule) give us the following 
very short proof of the representation of the Brownian indicator F = 1W j00 ) (Wt) ^ 
for which the standard Malliavin derivative Clark-Ocone theorem doesn't 
apply, without the need for the many added technical aspects (including the use 
of Donsker's delta function) in the Hida-Malliavin derivative setting (see [T^] for a 
Hida-Malliavin derivation). 

Proposition 3.1. If K £ R is fixed but arbitrary and ifp(t,x) — yg^| e ~ 2t > then 

V.») (W T ) = F [W T > K] + [ p(T - s,W s - K)dW s ; a.s. P. 

Jo 

Remark 3.1. This application of Theorem 11.11 is an example of the fact that, in 
many cases, the measurability assumption on \F\,^\ is not an added restric- 

tion. Even for many F that are not (standard) Malliavin differentiable, ID^E 
satisfies much more than this measurability condition. 



Proof. Let F = \k.oo) (Wt)- By the Markov property and a simple change of 
variable we have for < s < T 

/oo 
p(T - s,W s ,y)l [K>oo) (y) dy 

i:l ' 2) , 

e^^du 



V27T j-oo 

By Theorem 3.1 in [T] (the QCD stochastic chain rule), 

% E \I, K x) (W T ) Ws \ = 1 cxp | ~( W »- K ) j 
(3.3) 3 1 lK '°° ] 1 71 J ^2n(T- S ) P \ 2 (T - s) J 

= p(T - s, W s -K)- < s < T a.s. 

Finally, E [%,«,) (W T )] = P [W T > K], and the conclusion follows by Theorem [TT 
(a). □ 



Remark 3.2. It easily follows from the quadratic covariation differentiation the- 
ory in p] (Theorem 2.1 and Theorem 3.1 in [I]) that the conditional expectation 
E [l[if,oo) (Wt) \&\ is infinitely D^-differentiable and that the n-th quadratic co- 
variation derivative is given by 

(3.4) D<gE [l [Kt00) (W T ) \&t] = 8^ x p (T - t,W t - K) ; < t < T, a.s. 
for n — 1,2,... 
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3.2. Application to digital options. As an example financial mathematics ap- 
plication of Theorem 11.11 (b) together with Theorem 3.1 in [I] (the QCD chain 
rule), we will find the replicating portfolio for a digital (binary) option in the 
Black-Scholes-Merton framework. I.e., we assume a payoff of the form 

(3.5) V T = I[k,oo) (W T ) , where K > is fixed, 

and where Vr is the payoff at a fixed but arbitrary time of maturity T. To carry out 
this analysis in the Malliavin derivative framework, some modifications are needed 
first; e.g., working with the Hida-Malliavin derivative in the white noise setting (see 
[T2"]). Following the derivation in Shreve's book [25], assume that we have a stock 
whose price P satisfies the SDE 

dP t = b t P t dt + a t P t dW t . 

where b and a are assumed deterministic and continuous. Let Vt and Xt be 
&t— measurable random variables where Vt is the payoff at time f of a deriva- 
tive security and X t the portfolio value at time t. Our goal is to find initial capital 
Xq and number of shares invested at time t, the portfolio A t , so that 

(3.6) D T X T = D T V T a.s., 

where the discount factor D is defined as D t — e~ $° r ( s ) ds ; r is the rate of return 
which we assume deterministic for simplicity, and Vt is the digital payoff in (|3.5p . 
The value of the portfolio at time t is (see page 154 of |25j ) 

dX t = [r t X t + (h - n) A t P t ] dt + a t A t P t dWt. 
Assume that the market price of risk \ t — bf ~ t r ' satisfies Novikov's integrability con- 
dition f (|A.6[) (ii)). Then, under the usual risk- neutral measure P in Theorem lA.il 
the process DX given by 

(3.7) D t X t = D Q X + f A s a s D s P s dW s ; < t < T 

Jo 

is a martingale; i.e. 

E [D T V T \&t] - E [D T X T \&t] = D t X t t g [0, T], 

where E is the expectation under P. Thus, as in Shreve [3S], with Vt being the price 
of the derivative security at time t we get the risk neutral pricing formula 

D t V t =E[D T V T \&t]; 0<t<T. 

Clearly, this means that {D t Vt, J^t;0 < t < T} is a martingale under P. By The- 
orem 11.11 (b) and by the deterministic assumption on D and the fact that Dt is 
independent of t, we get 

D T V T =E[D T V T ]+ [ D T D w E[V T \^t}dW t . 
Jo 

Equation (|3.6p will be satisfied if 

D T D W E [Vrl&t] = Ata t D t P t , < t < T a.s. 

We now proceed to express the number of shares A t at any time t in terms of a, 
A and W . To further simplify the computation we assume a ^ 0. Now, the above 
discussion leads to 

At = e -/"^ a -ip t -i D _,i [l [Jfj0o) (W T ) \& t ] . 
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We could figure out the conditional expectation using the short steps in the 
proof of Proposition 13. 1( instead, we give a more financial mathematics argument 
by using the same idea used to derive the solution of the Black-Scholes-Merton 
model in |25j . Remembering that A is deterministic, we use the Markov property 
to write 



c{t, W t ) = E [l [KtOQ) (W T ) \&t] = E 

(w T -w t 



\k,oo) Wt 







L Xsds ) 









= E 



VT^t + W t 







L Xsds ) 









Now, Y 
that 



^i—=i is a standard Normal random variable independent of J^, so 



c (t, x) 



1 e-y 2 i 



2ir 



[K. 



3) -yVT~t + . 



X s ds dy. 



Notice that -yVT~^t + x- J* X s ds > K if y < - £j= - ■= d+ (x,t,T). 
Therefore, by the elementary independence lemma (e.g., Lemma 2.3.4 in [IS]), this 
means that 

r d + (W t ,t,T) 1 

~b 1 dy. 



c(t,W t 



2ir 



e 2! 



If we apply to both sides of the equation then we have by the QCD chain rule 
(Theorem 3.1 in [1]) and by the QCD invariance under change of measure that 

(3.8) 



Wt-f* X s ds-K 

y/T — t 



VMM 

p\T-t,W t 



X s ds — K 



almost surely, where pit, x) is the Normal density as in Notation lA.il This means 
that, under our assumptions, the digital portfolio is given by 



(3.9) 



- f t T r(s)ds a -lp-l p [ T _ tWt 



\As - K 



Many option prices that are not standard Malliavin differentiable (not in ^1,2) may 
be handled similarly. 

3.3. Identifying the chaos expansion of the Brownian indicator. We now 

apply the QCD variant of Stroock formula in Theorem 11.21 together with either 
Theorem 2.1 (i) in [T] or Theorem 3.1 in pQ (the QCD fundamental theorem of 
calculus or chain rule) to identify the integrands of the chaos expansion of F = 
V,oo) (W T ). 

First, we make the following simplifying observation about the normal density 
and its partial derivatives in x given by (|A.2|) . 

Lemma 3.1. Assume that the Brownian motion W starts at x G R. Then, for 
any given y E M. and n G {0, 1,2,.. .}, p^' '(T — t, Wt, y) is a W -martingale for 
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< t < T and 

(3.10) pf\T-t,W u y)-pf ) {T,x,y)= f p { 2 n+1) (T - r, W r , y) dW r ; < t < T, 

Jo 

almost surely. In particular, (T — t, Wt, y) = p 2 C^i x > y) f or an V < t < T 

and Ul-WtP^iT — t, Wt, y) = p 2 + (T — t, Wt, y) for all < t < T almost surely. 



Proof. First, we use induction to establish the simple fact that 

(3.11) d lP ^ (t, x, y) = \d\J? (U^),Vn = 0,l,2,.... 

The assertion is trivially true for n = since p(t, x, y) is the fundamental solution 
to the heat equation; in particular, d\p (t,x,y) — \d\ 2 p (t, x,y). Fix an arbitrary 
n e {0, 1,2,.. .}, and assume p. Ill) holds for n. We then have 

<9i?4™ +1) (*) ^ V) = d2dip 2 n) (t, x, y) = d 2 

(3.12) 

= ^ 22 p 2 n+1) (t,x,y), 

proving p. lip for every n £ {0, 1,2,.. .}. 

Now, by Ito's rule and (|3. 1 1|) we have that for any given y e K and n e 
{0,1,2,...} 

p { 2 n \T-t,W t ,y)-p { 2 n \T,x,y) = ~ f (T - r,W r ,y) dr 

Jo 

+ [ d 2 p ( 2 n) (T-r,W r ,y)dW r 
(3.13) Jo t 

+ 11 dl 2 p 2 n) (T-r,W r ,y)dr 

= f P { 2 n+1) (T-r,W r ,y)dW r . 
Jo 

The expectation assertion is trivially obtained by taking expectations on both sides 
of (|3.13|) . and the U>w assertion follows either by applying V>w t to both sides of 
(13.131) and using Theorem 2.1 (i) in [T] (the QCD fundamental theorem of calculus) 
or by applying H>w t to p 2 l \T — t,W t ,y) and using Theorem 3.1 in [1] (the QCD 
chain rule). □ 

We immediately get the following corollary 

Corollary 3.1 (The chaos expansion of the Brownian indicator). The Brownian 
indicator for a Brownian motion W starting at x G K has chaos expansion 

00 

F := l [K ,oo) (W T ) = J « , 

n=0 

where J (g ) = g = EF = P [W T > K] and g n {t u . . . ,t n ) = p 2 n ~ 1] (T,x- K) = 
d^ x p(T,x- K) for all (h,...,t n ) £ {(h, t 2 , ...,t n ); < h < t 2 < ... < t„ < T} 
and n > 1. 



(t,x,y) 
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Proof. Recall that by Proposition 13.11 and by the QCD fundamental theorem of 
stochastic calculus, Theorem 2.1 in pQ, we have 



V t E [%,oo) (W T ) \& t ] 



exp 



-(W t -K) 2 



2(T-t) 



: p (T - t, W t - K) ■ < t < T, 



VMM 

almost surely. Then, by Theorem 11.21 and iterated use of Lemma 13.11 we get 



(3.14) 



Jn(h 



) ^77 ) 



"w tn 



E 



-\K,< 



(W T ) 



tn 



ip 2 ^(T-t 1 ,W il -^)=p^ ^(T>-if), 
for n > 1, and the statement for n — is trivial, proving our claim. □ 

Three observations are worth making here 

(i) even though the Brownian indicator Irj^.oo) (Wr) is not classically Malliavin 
differentiable (not in ^1,2), we can easily use the quadratic covariation 
differentiation theory in [1] and Theorem II. 21 to obtain its chaos expansion 
coefficients g n for every n. 

(ii) of course, (|3.14l) may be rewritten in terms of Hermite polynomials by 
realizing that if the n th Hermite polynomial is defined by 



H n (x) 



(-1) 



x£ d 

e 2 — 
1 ax 



;(*)■• 



n>l, 



then 



1>2 



(n) 



(t, x) = (-1)" Vri.t- n / 2 p (t, x)H n [^),n>\ 



(iii) equation (|3.4|) in Remark I3~2l gives us 



p{T~t n ,W tn -K), 



and (|3.10l) obviates the need for any further dealing with the H>w derivative 
of the conditional expectations in f|3 . 14[) (since p\ n '(T— t, Wt, y) is a martin- 
gale in t for every n); and we were able to apply Hw t to p (T — t, Wt — K) 
and its spatial derivatives directly using Theorem 3.1 in [T] (the QCD chain 
rule). 

We now end with a differentiating under the conditional expectation result. 

3.3.1. A conditional QCD chain rule. In many cases, we have 

D Wt E [f (W T ) \H = E [/' (W T ) \& t ] , V < t < T. 

In this subsubsection, we give such a conditional QCD chain rule, whose proof 
follows from the QCD fundamental theorem of stochastic calculus and the QCD 
chain rule given by Theorem 2.1 and Theorem 3.1 in [I], respectively. Now, setting 
n = in (|3.13[) followed by Theorem 2.1 in [I] (the QCD fundamental theorem of 

stochastic calculus), and noting that p 2 (t, x, y) — ~-§^P (t, x, y), we obtain that — 
almost surely — the pair p(T — t,W t , y) and Hw t P (T — t,W t , y) are continuous in t 
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on [0, T — e] for every < e < T and are given by 

p(T-t,W t ,y)-p(T,x,y) = f ~^-p(T ~ r,W r ,y)dW r , 

Jo dy 

Q 

(3.15) B w t P (T - 1, W t , y) = - —p (T - t, W t , y) 

_ ( y-W t ) e -S%fcg 



2tt (T-tf 



Another needed ingredient is a standard stochastic Fubini result, which we specialize 
to our situation and state for the convenience of the reader (see Dolean-Dade [9], 
Jacod 17 (Theoreme 5.44), and van Neerven et al. [37J for more general statements 
and proofs). 

Lemma 3.2. Suppose X : [0, T) x R x fi -> R is ^([0, T)) x x ^-measurable. 

IfX y := {X(8,y,u); (s,oj) € [0,T) x 17} lS m ^(W^,^,) /or ewery v € R 

and euery < T < T; if f R X(s,y,uj)dy £ ^^'^(W^ ^) for every < T < T; 
and i/ 



(3.16) 
then 

(3.17) 



o 



dy < oo;V < i < T, almost surely 



t 

X(s,y,uj)dW s dy 



oo JO 
t poo 



pi poo 

/ / X(s, y, u)dydW s ; V < t < T, almost surely. 

JO J-oo 



As a corollary, we get 

Corollary 3.2. Suppose X(s, y,uj) = f (y) B Ws P (T — s, W s ,y), where f : R -> R 
is a continuous function such that J* [J R A(s, y, cj)dy] ds<ooV0<t<T almost 
surely andE|/(Wr)| < oo. Then, the conditions of Lemma \3.2[ including (|3. 161) . 
are satisfied and 



(3.18) 



t 

/(l/)Bw.p(T-a J W.,i/)dW r a di/ 

oo JO 

/ / (y) ©vi/ s p - s, W„ y) dydW s -y < f < T, almost surely. 

J-oo 



Proof. Wc only need to verify (|3.16p . The i 1 condition E|/(Wr)| < oo, the 
Markov property, (|3. 151) . and the fact that p(t,x,y) > for all t, x, and y mean 
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that 



(3.19) 



oo>E[|/(Wt)||^]+E|/(Wt) 

/• X 

+ / \f(y)\p(T,x,y)dy 



\f(y)\p(T-t,W t ,y)dy 



> 



\f(y)\ 



f B WsP (T-s,W s ,y)dW s 
Jo 



f(y)B W3 p(T- S ,W s ,y)dW s 



for all < t < T almost surely, verifying (|3.16j) . □ 



dy 
dy 



Lemma 3.3 (Conditional QCD chain rule). Assume that f £ C 1 (R;R) and that 



(3.20) 



1 2 



ds < oo; < t < T almost surely, 



f{y)B Wa p(T-s,W s ,y)dy 
E \f (W T )\ < oo and E \f(W T )\ < oo. 
Then, almost surely, 

B Wt E [/ (W T ) \&t] = E [/' (W T ) \& t },V0<t<T. 



Proof. By the Markov property, integration by parts, equation (|3.15p . Theorem 
2.1 (i) in pQ, Corollary 13. 21 (|3.15[) again, and the Markov property again, we obtain 

/oo rco o 

f'(y)p(T-t,W t ,y)dy = - / / (y) —p(T -t,W u y)dy 

CO pt pOO 

f (y) B Wt p (T - t, W u y) dy =B Wt / / (y) B Ws p (T - s, W s ,y) dydW s 

-co J J -co 



/CO rt 
f(y) / B WsP (T~s,W s ,y)dW s dy 
-oo JO 



f(y)p(T-t,W t ,y)dy- / / {y)p(T,x,y) dy 

! J —OO 

= B Wt E[f(W T )\^ t ] 

for every < t < T almost surely. This completes the proof of our assertion. □ 



Remark 3.3. It is also easy to apply Theorem 11.21 fb), (I3.8p . and Lemma [3.31 to 
get the chaos expansion coefficients in \k,oo) — T^=o ^ n > wnere Jn denotes 
the n-fold iterated Wiener integral with respect to W over the set S n - We leave 
this to the interested reader. 
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Appendix A. Notation, definitions, and a brief review of Girsanov's 

THEOREM AND THE QUADRATIC COVARIATION OF PROCESSES 

Notation A.l. For typesetting and aesthetic reasons, we alternate freely between 
X t and X(t) to denote any stochastic process X evaluated at t. We denote by 



/\/2irt, and we define p(t, x) = p(t, x, 0). 
. , Xd we denote the nth order derivative 



p(t, x, y) the Normal density exp 
Also, for a function / of d variables x\, 
in the fcth variable by d%f(xi, . . . , Xd). I.e., 

gn 

(A.l) d%f(x 1 ,...,x d ) = —f( Xl ,...,x d ); k = l,...,d, n = 0,1,2,... 
with <9°/(xi, . . . , Xd) — f(x\, . . . , Xd) for any k = 1, . . . , d. Finally, we use 



(A.2) 



P { r ] {t,x,y) := d?p(t,x,y) = 
p 2 n) (t,x,y) := d%p(t,x,y) 



gn exp 



2t 



dt n 





\-(x-y) 2 ] 


gn exp 


2t 



; n = 0,1,2,... 
n = 0,1,2,... 



dx n sJ^Tt 

Definition A.l (Integrand Classes). Let ^ 2 (^| [0 r]) ^ e tne c l ass OI processes 
X :[0,T]xn^R such that 

(1) X is measurable: (t,uj) — > X (t,uj) is £$({0,T}) x ^ measurable, where 
^([0,T]) denotes the Borel a-algebra on [0,T], 

(2) A" is {J^j-adaptcd: A t e ^, for every t € [0,T], 



(3) E 



/ 



A 2 (s, w) e?s 



< 00. 



The class @f (^| [0 , T1 ) <= ^2 (^| [0|T] ) is obtained from ^ 2 (V| [0jT] ) by leaving 
condition (3) unchanged and replacing the measurability and adaptability require- 
ments in (1) and (2) by the stronger requirement of progressive measurability with 
respect to the filtration {^t}' 

(t, uj) -)• X (t, lo) is M{[0, t}) x & t measurable for each t G [0, T]. 
The classes ^l° c (W hoT] ) and &>f V ' loC {W l[0T] ] 



obtained from 



\[0,T] 



and 



^W| [0T] j, respectively, by replacing condition (3) with the weaker condition 



(A.3) 



f 

Jo 



X 2 (s,u) ds < 00 



1. 



Definition A.2 (Almost indistinguishability and indistinguishability) . Suppose 
X, Y : £1 x [0, T] — > R are two stochastic processes on a probability space (17, F) 
such that 



(A.4) 



Y t (uj)=X t (u); te [0,T\\Z(w), w e O*. 



holds for some subset fT C O, with P(fT) = 1 for a collection of zero Lebesgue- 
measure random sets {Z(u>);lj E f2*}. Then, we say that X and Y are almost 
indistinguishable versions of each other. X and Y are indistinguishable if Z(u) = <fi 
(the empty set) for each uo e O*, and we write A = Y a.s. If is defined 
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only for (u),t) where t E [0, T] \ Z(w) and w E ft* and if the stochastic process 
X : ft x [0, T] -> R satisfies (|A3| . then X is said to be an almost indistinguishable 
extension of Y. Any such extension X of V is denoted by Y aie . 

Remark A.l. It is clear that two stochastic processes X, Y : ft x [0, T] — » R on 
(ft, J? - , P) are almost indistinguishable versions of one another iff 

fT 

(A.5) / |A(i) — Y~(i)| 2 = 0, a.s. P. 

Jo 

It is also obvious that two almost indistinguishable extensions of Y, Y® le and Y 2 ole 
are almost indistinguishable versions of one another and hence satisfy (IA.5I) . 

We assume the same setup as the classical Girsanov change of measure theo- 
rem, which we now combine with the subsequently discovered Novikov sufficient 
condition (see e.g., fL9l 125] ). 

Theorem A.l (Girsanov I960 and Novikov 1972). Let A = {X u &t ■ t G [0,T]} G 
^! r ' lOC (W l[0T] ). Define 

Z t = cxp |- J A (u) dW i u )-\J^ a2 («) dw | » 



W t = W f + f X(u)du; <t <T 
Jo 



and assume that either one of the two following conditions hold 



(A.6) (i) E / Xlzldu <oo or (ii) E 



CXp ( 2 ^ A " ds 



< oo. 



Then Z = {Z u & t ;0 < t < T} is a martingale, E [Z t ] = 1 for < t < T, and if P 
is defined by the recipe 

dP 

dF~ ZT > 

then P is a probability measure on and the process 

is a Brownian motion on the probability space (O, ^r,{^t},P). 

We denote by E the expectation taken with respect to P. We use the following 
standard result regarding the behavior of conditional expectations under change of 
measure (see page 193 of [19]) 

Lemma A.l (Bayes Rule). IfO<s<t<T and F is an ^ t -fneasurable random 
variable such that E \F\ < oo. If Z is a martingale, then 

E[F\& 8 ] = -^E[FZ t |J? s ] a.s. P and P. 

Z s 

We now recall the definition of the covariation process of two processes. We 

p 

denote by -> convergence in probability under the probability measure P. 

Definition A. 3. Two real- valued processes X, Y on a probability space (ft, JF,P) 
have finite quadratic covariation iff there exists a finite process (X, Y) such that 
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for every t > and every sequence {T„} of partitions of [0, t] — T n = {to, t\, . . . , t n } 
with = to < ti < • • • < t n = t — such that the mesh limit \iuY n ^oo |T n | = 

n 

(A.7) V t 2 (X,Y,T n ) :=]T(X tfe - X tk _,) (Y tk -Y^) A (X,Y) t as n oo. 

k=l 

The process (X,Y) is called the quadratic covariation of X and Y. The process 
(X, X) (the case X = Y) is called the quadratic variation of X. 

When we want to emphasize the role of P in the definition of (X, Y) , we write 
(X, Y) . It is then a simple matter to see the following invariance-under-equivalent- 
change-of-measure property of the process (•, •). 

Lemma A. 2. Let T > be fixed but arbitrary. Suppose X and Y are two real- 
valued adapted processes defined on the interval [0, T] and on the probability space 
(f2, & , {^t\, P); and suppose that a probability measure P is defined on &t and is 

equivalent to the restriction o/P to If either one of (X, Y) P or (X, Y) r is finite 
on [0, T], then so is the other and 

(A.8) (X,Y) P t = (X,Y)t ; a.s. P and P, V < t < T. 

I.e., they are modifications of one another under both P and P. In particular, ifW 
is the Girsanov probability measure in Theorem \A.1\ with A satisfying (|A.6|) ( (i) or 

(ii)) and if X and Y are continuous semimartingales, then (X, Y) P and (X, Y) F 
are indistinguishable under both P and P: 

(X, Y)' = {X,Y) r ; < t < t] = 1 = P \(X, Y) p = (X, Y) p ; < t < T 



Proof. Let Z n> t '■= V ( 2 (X, Y, T„); then by Definition IA.3| elementary measure 
theory, and the equivalence of P and P we have 



oo 



Zt = (X, Y) t is finite Z n j — >• Z t as n 

^=J> for every subsequence {Z rik j} k there is a further subsequence |z nfcj .tj 



such that 



Z ,i 



lim Z n t = Z t 

2-s-oo 1 

> Z t as n — > oo. 



= 1 = 



lim Z n . , t = Z t 



for every fixed < t < T and (|A.8|) follows. If X and Y are continuous semimartin- 
gales, A satisfies (|A.6| ((i) or (ii)), and P is Girsanov's probability measure given 
in Theorem IA.1I then both (X, Y) F and (X, Y) V are modifications of one another 
and are both almost surely (P and P) continuous and hence indistinguishable under 
both P and P. □ 
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Appendix B. Briefly on chaos expansion and standard Malliavin's 

DERIVATIVE VERSIONS OF CLARK-OCONE FORMULAS 

Let F € L 2 (fi, J^t,TP) be an L 2 and jF^-measurable random variable, with chaos 
expansion 



F = 



CXJ 



n=0 



where I n is the n-fold iterated Ito- Wiener integral over [0,T] r 



In[fn)= / fn(h,...,t n )dW tl dWt 2 ...dWt n _ 1 dWt n 
V ' J[0,T] n 

and /„ £ L ([0, T] n ), where L ([0, T] n ) is the space of symmetric Borel determin- 
istic square integrable functions. Then, we have the isometry 



(B.l) 



\F\ 



L 2 (n,] 



= J2nl\\f n 



n=0 



L 3 ([0,T]») 



OO 

E E [ 7 »(/ 



n=0 



We say that F € ^1,2 if 



(B.2) 



i 2 ([0,T]") 



< OO. 



For F £ £$1,2, we define the Malliavin derivative D t F of F at time t as the expansion 

OO 

D t F=J2 nI n-i(fn (•,*)); te[0,T], 



where I n -i (/«(•>*) J is the (n — 1) fold iterated integral of f(t\, ■ ■ ■ ,t n -i,t) with 
respect to the first n — 1 variables ti,...,t n _i and t n — t left as a parameter. 
Observe that 

Co r T 

dt 



W F Wl 12 =J2 / ri\n-l)\ U,t) 

(R3) = /^fX [/„_!(/„(•, t) 

•'O n=l 



^([0,T]«-i) 



d<= / E(AF) * 



IF.FI 



L 2 (Qx[0,T],PxA) 

2 i ii n2 



where we used the fact that E [/«(<?)] = n\ Hflil^ro along with the isometry in 
(jB.ip and where A is Lebesgue's measure on [0,T]. 



Theorem B.l (The Standard Malliavin derivative Clark-Ocone formula). Let F £ 
Di.2 be -measurable. Then 



F = E[F] + [ E[D t F\& t ]dW t ; a. 
Jo 



The standard Clark-Ocone formula under change of measure (COM), using Malli- 
avin's derivative, was introduced in |22) . For the sake of comparison we include it 
in the next theorem (see [H] page 46). 
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Theorem B.2 (The standard Malliavin derivative Clark-Ocone formula under 
COM). Suppose F is measurable, F € ^1,2, and that 



(B.4) 
(B.5) 

(B.6) 



E[LF|]<oo, 



E 



\D t Frdt 



< 00, 



E 



\F\ 



D t \ s dW s + / (D t \ s ) X s ds dt 



where D t is the Malliavin derivative. Then 
(B.7) F = E [F] + 









[ E 


(r> t F -F J D t \ s dw)j 




Jo 







< 00, 



dWt 



Appendix C. Frequent acronyms and notations key 
I. Acronyms 

(1) BM: Brownian motion, 

(2) QCD: quadratic covariation derivative (see Allouba's article [1]). 

(3) RCLL (or cadlag): right continuous with left limits. 

II. Notations 

(1) %: the QCD process, 

(2) B Wt : the QCD at time t, 

(3) E: the expectation taken with respect to Girsanov's changed proba- 
bility measure P, 

(4) d%, p[ n \t,x,y), p { 2 n) (t,x,y): see Notation Ell 

(5) (X, Y): the quadratic covariation processs of the processes X and Y 
(Definition IA.3[) , 

(6) ^2 (W 1[0T] ),^ T (w l[0T] ),^ c (W h0T] ), and ^ l ° C (W l[Q T] ): stan- 
dard classes of integrands with respect to the BM W on the interval 
[0,T] (Definition EH), 

(7) §„: the simplex S„ = {(t u t 2 , ...,t n );0 <h<t 2 < ... < t n < T} C 
[0,T] n . 

(8) ^1.2- Malliavin's standard space of differentiable random variables 
whose Malliavin derivative is in L 2 (see (|B.2|) and (|B.3|) for precise 
statements). 



References 

[1] Allouba, Hassan. A differentiation theory for Ito's calculus. Stoch. Anal. Appl. 24 (2006), no. 
2, 367-380. [MR2204718I 

[2] Allouba, Hassan. A universal stochastic calculus via the p-covariation derivative I (2010) 
Preprint. (To be submitted shortly). 

[3] Allouba, Hassan. A differentiation theory for Ito's calculus: generalizations, applications, and 
ramifications. In final preparation (2004 (vl) and 2009 (v3)). 

[4] Allouba, Hassan; Zheng, Weian. Brownian-time processes: the PDE connection and the half- 
derivative generator. Ann. Probab. 29 (2001), no. 4, 1780-1795. IMR18802421 



APPLICATIONS OF THE QUADRATIC COVARIATION DIFFERENTIATION THEORY 25 



Allouba, Hassan. Brownian-time processes: the PDE connection II and the corresponding 
Feynman-Kac formula. Trans. Amer. Math. Soc. 354 (2002), no. 11. 1627 4637 (electronic). 
MR19268921 

Allouba, Hassan; Fontes, Ramiro. Semi-SPDEs models in finance and their corresponding 
Black-Scholes-Merton system (To be submitted soon). 

Bhattacharya, Rabi. and Waymire, Edward, Stochastic processes with applications. John 
Wiley & Sons, Inc., 1990. IMR1054645I 

Clark, J. M. C. The representation of functionals of Brownian motion as stochastic integrals, 
Ann. Math. Statist. 41 (1970) MR0270448; [Correction to the paper, Ann. Math. Statist. 42 
(1971) 1778]. 

Doleans-Dade, C. Integrales stochastiques dependant dun param'etre, Publ. Inst. Stat. Univ. 
Paris 16 (1967), 23-24. [MR0224143I 

Durrett, R., Stochastic Calculus: A Practical Introduction. New York: CRC Press LLC, 
1996. MR1398879] 

Di Nunno, Giulia. Stochastic integral representations, stochastic derivatives, and minimal 
variance hedging. Stoch. Stoch. Rep. 73 (2002), no. 1-2, 181-198. 

Di Nunno, Giulia; 0ksendal, Bernt; Proske, Frank. Malliavin calculus for Levy processes with 
applications to finance. Universitext. Springer- Verlag, Berlin, 2009. xiv+413 pp. MR2460554 
Fontes, Ramiro. Applications of Allouba's differentiation theory and semi-SPDEs. Ph.D. Dis- 
sertation, Kent State University (2010). 

Houdre, Christian. Linear Fourier and stochastic analysis. Probab. Theory Related Fields 87 

(1990), no. 2. 167-188. IMR10804881 

ltd, K. Stochastic integral. Proc. Imperial. Acad. Tokyo 20 (1944). 519-524. IMR0014633I 
ltd, Kiyosi. Multiple Wiener integral. J. Math. Soc. Japan 3, (1951). 157-169. MR0044064 
Jacod, J. Calcul stochastique et problemes de martingales, Lecture Notes in Math. 714, 
Springer- Verlag, Berlin, 1979. IMR05421151 

Karatzas, Ioannis; Ocone, Daniel L.; Li, Jinlu. An extension of Clark's formula. Stochastics 
Stochastics Rep. 37 (1991), no. 3, 127-131. [MR1148344I 

Karatzas, Ioannis; Shreve, Steven E. Brownian motion and stochastic calculus. Second edi- 
tion. Graduate Texts in Mathematics, 113. Springer- Verlag, New York, 1991. IMR11 21940 
Malliavin, Paul. Stochastic calculus of variation and hypoelliptic operators. Proceedings of the 
International Symposium on Stochastic Differential Equations (Res. Inst. Math. Sci., Kyoto 
Univ., Kyoto, 1976), pp. 195-263, Wiley, New York-Chichester-Brisbane, 1978. MR0536013 
Ocone, Daniel. Malliavin's calculus and stochastic integral representations of functionals of 
diffusion processes. Stochastics 12 (1984), no. 3-4, 161-185. MR0749372 

Ocone, Daniel L.; Karatzas, Ioannis. A generalized Clark representation formula, with ap- 
plication to optimal portfolios. Stochastics Stochastics Rep. 34 (1991), no. 3-4, 187-220. 
MR11248351 

Okscndal, Bernt. Stochastic differential equations. An introduction with applications. Sixth 
edition. Universitext. Springer- Verlag, Berlin, 2003. xxiv+360 pp. ISBN: 3-540-04758-1 
MR200 19961 

Royden, H. Real Analysis, Third Edition. Macmillan Publishing Company, New York, 1988. 
Shreve, Steven E. Stochastic calculus for finance. II. Continuous-time models. Springer Fi- 
nance. Springer- Verlag, New York, 2004. xx+550 pp. ISBN: 0-387-40101-6 IMR20579281 
Stroock, Daniel W. Homogeneous chaos revisited. Seminaire de Probabilities, XXI, 1—7, Lec- 
ture Notes in Math., 1247, Springer, Berlin, 1987. IMR0941972 I 

van Neerven, Jan; Veraar, Mark C. On the stochastic Fubini theorem in infinite dimensions. 
Stochastic partial differential equations and applications — VII, 323-336, Lect. Notes Pure 
Appl. Math., 245, Chapman & Hall/CRC, Boca Raton, FL, 2006. IMR2227239I 
E-mail address: alloubaOmath.kent.edu 



Department of Mathematical Sciences, Kent State University, Kent, Ohio 44242 



